The spot size at which the electric field distribution for higher-order modes in few-mode fibers (FMFs) is approximated by a higher-order Gaussian profile is a promising parameter for estimating various transmission characteristics. To establish a technique for measuring the mode field diameter (MFD) corresponding to higher-order Gaussian spot size for any-order mode in FMFs, we investigate the relation between the higher-order Gaussian spot size and the values yielded by conventional MFD definitions. We then present formulas that output the MFD values corresponding to higher-order Gaussian spot size. Some examples of the MFD values for typical few-mode fibers determined experimentally and numerically are also shown.
Introduction
Few-Mode fibers (FMFs) have recently attracted attention as transmission media that can realize large capacity transmission through the use of mode division multiplexing (MDM) [1] , [2] . Unlike conventional transmission systems based on single-mode fibers (SMFs), MDM transmission systems use several guided modes as different transmission channels. Therefore, understanding the transmission characteristics of each mode is essential.
The transmission characteristics of optical fibers are generally related to the electric field distribution of guided modes. In conventional SMFs, the field distribution of the fundamental (LP 01 ) mode can be approximated by a Gaussian profile, and characterized by a single parameter, the mode field diameter (MFD). One half of the MFD, namely the mode field radius (MFR), corresponds to Gaussian spot size. Since MFD enables us to estimate the splice loss [3] , it plays an important role in designing transmission systems that use SMFs. Furthermore, MFD is also used to estimate the chromatic dispersion [4] , [5] and the backscattering factor [6] , [7] . Similarly, in FMFs, higher-order Gaussian approximations can be used to characterize the field distributions of higher-order modes [8] . For higher-order modes that have circumferentially symmetric intensity profiles such as vector modes (HE, EH, TE, TM modes) and linearly polarized (LP) modes with azimuthal number of zero, their field distributions can be approximated by Laguerre Gaussian modes. The field distributions of those that have circumferentially asymmetric profiles such as LP modes with non-zero azimuthal number, can be approximated by a Hermite Gaussian mode or an appropriate superposition of Hermite Gaussian modes. Some previous studies have reported that the higher-order Gaussian spot size based on the Laguerre or Hermite Gaussian approximation enables us to estimate the splice losses for each mode [9] , [10] , the chromatic dispersion [11] , and the backscattering factors [12] , [13] in FMFs. In circumferentially symmetric FMFs, our main interest here, the spot sizes of the Laguerre and Hermite Gaussian modes are equivalent, since a Laguerre Gaussian mode having a given spot size can be viewed as a superposition of Hermite Gaussian modes having the same spot size and vice versa [14] . Thus, such a higher-order Gaussian spot size is a promising parameter for characterizing the transmission characteristics for each mode.
Several methods have been presented for measuring the MFD of higher-order modes in FMFs from near-field pattern (NFP) [15] or far-field pattern (FFP) [16] , [17] . These methods determine the MFD with the help of the second moment of the measured NFP or FFP [18] , [19] . For the LP 01 mode, the conventional second moment definitions yield values that correspond to the Gaussian spot size. However, for higher-order modes, the values obtained are inconsistent with the higherorder Gaussian spot size.
The objective of this work is to provide novel MFD definitions for FMFs that yield the values corresponding to the twice the higher-order Gaussian spot size. To achieve this goal, we first clarify, theoretically, the relation between the MFD values of higher-order modes obtained with conventional second moment definitions and higher-order Gaussian spot size by approximating the radial electric field distribution in FMFs by a Laguerre Gaussian function. Based on the relation, we then propose novel definitions that output the values corresponding to higher-order Gaussian spot size for any-order modes in FMFs. After confirming the validity of the Laguerre Gaussian approximations of the radial field distributions, we provide some examples of the MFD values obtained with our proposed definitions.
Theoretical Investigation
This section starts with a brief description of the conventional MFD definitions for SMFs, and then presents a theoretical investigation to propose the novel MFD definitions for FMFs.
The MFDs in SMFs defined by using the second moment of the NFP and FFP can, respectively, be expressed as:
and
where r stands for the radial coordinate in the cross section of the fiber. E 2 (r) is the near-field intensity distribution with respect to the radial coordinate, namely the NFP. λ is the wavelength of the test light, and θ is the divergence angle. |F(θ )| 2 is the far-field intensity distribution with respect to the divergence angle, namely the FFP. These definitions are based on the premise that the intensity distribution in SMFs is axially symmetric, and obtain the MFD from the NFP or FFP of one specific azimuthal direction. Spot size w nf and w ff are sometimes called the Petermann I spot size and the Petermann II spot size, respectively. Spot size w nf is generally equal to or greater than w ff [20] . The Petermann I spot size w nf and the Petermann II spot size w ff relate to the splice loss caused by angular and axial misalignments, respectively [21] . From the standpoint of estimating the splice loss due to axial misalignment, the current international standard of MFD in SMFs is defined by Eq. (2) [22] . If the electric field distribution is strictly Gaussian, the two spot sizes coincide. Given the weakly guiding approximation [23] , one can use LP modes to characterize the electric field distributions in circumferentially symmetric optical fibers. The transverse field distribution of an arbitrarily LP mode in the fiber can be resolved into the radial and azimuthal variables as follows
where E νμ (r, φ) is the transverse electric field distribution for an LP mode with azimuthal number ν and radial number μ. E νμ (r) is the radial field distribution, and corresponds to the radial field distributions of the vector modes that actually constitute the LP mode. φ is the azimuthal angle in the cross section of the fiber. One can notice from Eq. (3) that the radial intensity distribution of an LP mode depends on the azimuthal angle whereas the shape is invariant, except when the azimuthal variable is zero. In other words, we can characterize the field extent of a given LP mode using just its intensity distribution of one specific azimuthal direction. Although the radial field distributions E νμ (r) of LP modes are basically not exact Gaussian (or higher-order Gaussian) shape, the distributions can be approximated by Laguerre Gaussian functions as follows [8] 
where w νμ is the spot size for the LP νμ mode when we approximate the electric field of the fiber by higher-order Gaussian mode. L ν μ-1 (x) is the associated Laguerre polynomial and is given by
Next, by using Hankel transform, the far-field electric distribution can be expressed as the following equation [17] 
where θ is the divergence angle, k is the wavenumber in vacuum, and J ν is the Bessel function of the first kind of order ν. Combining Eqs.
(2) and (4)-(6), we can get the following relation
Substituting Eq. (4) into Eq. (1) yields the following relation
The validity of Eqs. (7) and (8) is confirmed in the Appendix through numerical calculations. We find that the MFDs obtained with the above definitions are proportional or inversely proportional to the function of the azimuthal and radial numbers of the LP mode to be measured. Therefore, we can obtain the MFD values corresponding to higher-order Gaussian spot size for any-order modes in FMFs with the following formulas:
or where w ff(νμ) and w nf(νμ) are the MFR related to the second moment of the FFP and NFP, respectively. If the electric field distribution is exactly higher-order Gaussian mode, the above two formulas yield the same values. Note that, the above definitions can be applicable for any circumferentially symmetric optical fibers; however the resulting MFD values make no sense in terms of estimating the transmission properties for optical fibers where the field distribution is far from strict higher-order Gaussian shape such as ring-core fibers. This is because the previous studies [9] - [13] have derived relations for estimating the properties of FMFs by approximating the electric field as a higher-order Gaussian shape.
Experiments and Numerical Simulations
This section first provides the radial electric field distributions obtained from experiments and numerical simulations for three kinds of FMFs, and confirms the validity of approximating the radial field distributions by Laguerre Gaussian functions. The MFD values of the three FMFs obtained with the proposed definitions are then shown as examples. Some related discussions are also presented. We refer to the three FMFs used here as samples A, B, and C. Samples A and B support two LP modes at the wavelength of 1550 nm, while sample C supports four LP modes. The refractive index profiles are shown in Fig. 1 . The solid lines were measured with the refractive near field pattern method [22] . The broken lines are the approximated values used in performing the numerical simulations. Overall sample length was about 3 meters. Fig. 2 shows the experimental setup for obtaining the electrical field distribution of a guided mode. We used the far-field scan technique, since it can obtain NFP and FFP with high spatial resolution and high dynamic range. The setup is almost the same as that described in [22] , except for the use of a mode selective coupler (MSC). The test light with the center wavelength of 1550 nm, generated by a laser diode (LD), was injected into the MSC. The test light was converted into the LP mode to be measured, and then launched into the FUT. The FFP from the fiber output end was measured by an avalanche photodetector (APD) installed on a rotating table. Note that, we measured the FFPs of each mode for one specific azimuthal angle since the shape of the FFP is known to be invariant with respect to azimuthal angle φ [17] . Fig. 3 provides the measured and calculated FFPs, where (a) and (b) are results for sample A and B, respectively, and (c) and (d) are those for sample C. The vertical and horizontal axes represent the far-field intensity and the divergence angle, respectively. The symbols are measured results, and the solid lines were calculated with the help of the finite element method (FEM) and Eq. (6). The blue, red, green, and orange colors are the results for the LP 01 , LP 11 , LP 21 , and LP 02 modes, respectively. The measured results are in good agreement with the calculated ones. Fig. 4 plots the near-field intensity against the radial coordinate in the fiber. The solid lines were calculated with FEM, and the broken lines were obtained from the FFPs shown in Fig. 3 and the following equation
The blue, red, green, and orange colors have the same meanings as in Fig. 3 . The NFPs obtained from the measured FFPs are consistent with those calculated with FEM.
To confirm the validity of the Laguerre Gaussian approximations of the near-field distributions for each mode, we calculated the coupling efficiency between the near-field distributions in the fibers 
TABLE 1 Overlap Integral Values When Approximated Field Best Fits Near-field Distribution
In the Fiber Under Test and the ideal Laguerre Gaussian function using the following overlap integral
where φ νμ is the near-field distribution in the fiber, and E νμ is the ideal Laguerre Gaussian function expressed by Eq. (4) . The overlap integral value shows how well the approximated fields coincided with the near-field distributions in the fibers. The value depends on the spot size w νμ of the function. It becomes a maximum for a certain spot size, and then the field approximated by the function best fits the near-field distribution in the fibers. We define the spot size that maximizes the overlap integral value as w g(νμ) . Table 1 summarizes the maximum overlap integral values. We first focus on the results for Sample A. It is noteworthy that the overlap integral values for Sample A were very close to 1. This means that the near-field distributions had almost Laguerre Gaussian shape. As regards the results for Samples B and C, the overlap integral values were about 0.3 to 4% smaller than 1, i.e., the differences between the measured and approximated field distributions were slight. These facts indicate that the Laguerre Gaussian approximations were reasonable for characterizing the field distributions in the three FMFs used here.
Next, we provide the MFD values of the three FMFs obtained using Eqs. (9), (10), and (12), i.e., 2w ff(νμ) , 2w nf(νμ) , and 2w g(νμ) , respectively. The results were summarized in Table 2 . For all samples, the absolute values of the measured and numerical results were slightly different. The differences are considered to be due to the experimental imperfections in the refractive index measurements, the approximated refractive index profiles used in the calculations, modal crosstalk, and so on. In particular, it has been reported that modal crosstalk has a significant impact on measurements of fibers that support many modes like Sample C [17] . However, the measured and numerical results are consistent with respect to the magnitude relationship between the values obtained using each formula. Focusing on the results for Sample A, the MFD values obtained from the three formulas were almost identical. This is because the field distributions of each mode were almost Laguerre Gaussian shapes. With regard to the results for Samples B and C, the MFD values obtained from the three formulas showed slightly different values. The difference can be interpreted as being caused by the fact that the field distributions in the fibers were slightly different from strict Laguerre Gaussian functions.
Since the near-field distributions of LP modes in real fibers are not basically exact Laguerre Gaussian shape, our proposed two definitions generally yield slightly different values as in Samples B and C. Although further study is required to determine which formula is appropriate for characterizing the various transmission characteristics of FMFs, we believe that our proposed definitions will be a useful basis for such studies.
Conclusion
This paper theoretically investigated the relation between the higher-order Gaussian spot size and the MFD values of higher-order modes obtained from conventional second moment definitions. We found that the MFD values obtained with the above definitions are proportional or inversely proportional to the function of the azimuthal and radial numbers of the LP mode to be measured. On the basis of the finding, we presented two novel definitions that yield the MFD values corresponding to higher-order Gaussian spot size for any-order modes in FMFs. Moreover, we validated the Laguerre Gaussian approximations of the radial field distributions for three kinds of FMFs through some experiments and numerical simulations, and then provided the MFD values obtained with our proposed definitions as examples. Although further study will be needed to determine which definition is more suitable for estimating various transmission characteristics in FMFs, we believe that the MFD values resulting from our proposed definitions will be useful parameters for estimating the transmission properties of FMFs in combination with the relations described in previous studies [9] - [13] .
